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Context
o (K,v) a value field.

~» v of rank 1 not necessarily discrete

v(0) = o0
Va,b € K,v(ab) =wv(a) + v(b)
v(a+ b) > min(v(a),v(b))
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@ A the completion of the valuation ring. {2 ¢ K| v(a) > 0}
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Context
o (K,v) a value field.

~» v of rank 1 not necessarily discrete

@ A the completion of the valuation ring. {2 ¢ K| v(a) > 0}
o [ the residue field. m={aceK|v(a)>0}; F=A/m
o T the extension of v to K. K v A F
K(t) ord; KI[¢]] K
Q ord, Zp F,

Problem P
Kot | { N — v | Kl el | K
Q P € Alx] irreducible ? '

@ Factorisation in A[x] 7 (up to a given precision)
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Successive factorisations (residual polynomial dissection)

@ dissection according to residual polynomials,

@ factorisation via a generalised Hensel lemma.

Augmented valuations: chains pg < 1 < --- < wp (P irreducible).

Key polynomials: ¢k € K[x] “representative” of uy ; deg(ox) < deg(dk+1)

o puk(dk-1) = wp(Pk—1)
o "Optimal” chain: deg(¢x)< deg(dxs1)

Char(F) =0

Approximate roots: “optimal” key polynomials ~» Char(F) 1 deg(P)
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Algorithms for number fields (A = Z,)
@ Ore (1920's): prime ideal decomposition of p in Q[x]/(g):
@ computing Newton polygons of g according to a valuation of Q[x],
@ factorisation of residual polynomials of g (slope of the polygon).

MacLane (1930's): augmented valuations of v in K[x]/(g).

(]

o chains g < 1 < -+ < pp < -+ < p (one by factor of g),
o using key polynomials associated to .

(4]

Okutsu (1982): integral bases, no valuation / key polynomial.

(4]

Montes (1999): OM-algorithm - Ore, MacLane, Okutsu, Montes.
Nart et al (2010’): discriminant computation, integral basis. . .

Vaquié / Herrera - Olalla - Mahboub - Spivakosky (2000's):

generalisation of MacLane for any value field.

(]

cluster roots / Berkovich skeletons (P. Vaccon Weimann 2025 & 2026)

(]
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Algebraic curves / Functions fields (A = K][[t]])

@ Singularity of plane algebraic curves.

o Newton—Puiseux algorithm (Duval, P., Rybowicz, Weimann)
o valuations and Puiseux expansions (Abhyankhar, P., Weimann)

o equisingularity types (P. & Weimann)
@ genus computation (Riemann-Hurwitz formula).
@ computing Riemann-Roch spaces (Hess, Darkaoui & Weimann).

o Factorisation in K[t, x] (Weimann).
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Introduction Valuations of K[x] Factorisation Approximate roots Algorithms
0000 000000 000000 00 000000000

Valuations of K|[x]
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A tree of valuations

Definition (order on valuations)

o u<y ifulg) <p'(g) for all g € K[x],
o p<p ifpu<p andp# .
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A tree of valuations

Definition (order on valuations)

o n<u ifp(g) < W(g) for all g € K[x],
o p<p ifpu<p andp# .

@ WPI
BT wWp;

/ T @ WP§

,UO . L AR WP4
«— L AR WP5
O Wpg

o Gauss valuation: po(3; ai x') := min; v(a;).

o P irreducible: wp(g) :=7(g(0)) with P(6) = 0.
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Computing wp from pip: one example

P = ((x —2)?—27)° + 3% (x — 2) € Q[x]

;v =ords
0 0=2+324+1354...
Some valuations:

o wp(x)=1(0)=17(2)=0

o ¢o=x—2; wp(po) = (0 — 2) =0(3%) = 3

0 ¢1=(x—2)2—-27; wp(¢1) = 6(3% 3%) = %

We will show how to construct:
o pa(do) = 3 ——— pa(¢n) = 3 wp

adrien.poteaux@univ-lille.fr Valuations of K[x] 6 /26
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Residual and key polynomials associated to 1
P=((x—-2)?%-27)°+3%(x-2) po(P) =0

e in,,(P) = (x — 2)1°.

Ru(P)(y) = (y —2)*°
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Residual and key polynomials associated to i
P=((x—2)?2-27)°+3%(x-2) po(P) =0

o in,y(P) = (x —2)1°.

Ruo(P)(y) = (v = 2)"°
o Representative: ¢g := x — 2 € KP(up).

pio(¢o) = 0 < wp(¢ho) = 3. Getting 3 ?
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Generalised Newton polygon associated to Lo, do

o (i, @) a type, ie. ¢ € KP(u).
o Taylor expansion: g =", a; ¢’ with deg(a;) < deg().

o Generalised Newton polygon: N, 4(g) = Conv{(/, u(a;))}.

adrien.poteaux@univ-lille.fr Valuations of K[x] 8/26




Introduction Valuations of K[x] Factorisation Approximate roots Algorithms

Generalised Newton polygon associated to Lo, do
o (11, ¢) a type, i.e. ¢ € KP(u). P = (43 —27)° + 31 ¢y
o Taylor expansion: g =", a; ¢’ with deg(a;) < deg().

o Generalised Newton polygon: N, 4(g) = Conv{(/, u(a;))}.

3
slope —3

N(P)

10
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Generalised Newton polygon associated to i, ¢o
o (1, ) a type, i.e. ¢ € KP(u). P = (g% —27)5 + 3% ¢
o Taylor expansion: g =Y, a; ¢ with deg(a;) < deg(¢).

o Generalised Newton polygon: N, 4(g) = Conv{(i, u(a;))}.

15 4 . @ = [uoido, 3] pa (X aih) = minu(ay)+3 i
slope —3
N(P)
10
Moiul(x—@:% wp

adrien.poteaux@univ-lille.fr Valuations of K[x] 8/26



Valuations of K[x]
000800

Generalised Newton polygon associated to i, ¢o
o (1, ) a type, i.e. ¢ € KP(u). P = (g% —27)5 + 3% ¢
o Taylor expansion: g =Y, a; ¢ with deg(a;) < deg(¢).

o Generalised Newton polygon: N, 4(g) = Conv{(i, u(a;))}.

15 ¢e | 3 o 1 = [po; do, %] : Nl(zi ai¢£)) = min;v(ai)+%i
slope —3
N(P) © H1 = lpoido, Al with A # 37
°A> %: pp £ we X
10 o A< %; u& < ~
po ———— pa(x —2) =3 we
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Generalised Newton polygon associated to i, ¢o
o (1, ) a type, i.e. ¢ € KP(u). P = (g% —27)5 + 3% ¢
o Taylor expansion: g =Y, a; ¢ with deg(a;) < deg(¢).

o Generalised Newton polygon: N, 4(g) = Conv{(i, u(a;))}.

15 % | ; QM= [10; ¢o, %] : Nl(zi ai¢£)) = min;v(ai)+%i
slope —3
NG 11y = [1o; do, A] with X # 3 7
°A> %: Wy £ wp X
10 o A< 3 pp<m /1/1(¢(2)_27):3<%
po ———— pa(x —2) =3 we
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Next residual polynomial associated to i1 = [o; Po, 3]
P = (¢35 — 27)° + 3 ¢ pi(P) =15

1
M =7 ; ru1:§Z ~e=2

o iny, (P) = (62 — 27)° = 315 (& — 1)° with & = 2.

Ru(P)(y) = (y —1)°
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0o

Next residual polynomial associated to u1 = [0} ¢o, 3]
P = (¢5 —27)° + 3% ¢o p(P) =15

1
M =7 ; ru1:§Z ~e=2

o iny, (P) = (62 — 27)° = 315 (& — 1)° with & = 2.

Rin(P)y) =(y = 1)°
o Representative: ¢1 := (x —2)? — 27 € KP(u1).

u1(d1) =3 < wp(o1) = %. Getting % ?
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Next Newton polygon and residual polynomial

P = ¢3 4 3% g

> o 12 = [p1; 61, 3]
lope — 33
slope 10 ; . .
HZ(E; 3i¢1) = min; p1(a;) + 3
NH17¢1(P)
5
Ho pa(do) =3 ——— pa(p1) =5 wp
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Next Newton polygon and residual polynomial

P =¢3 + 3% ¢

£ o 12 = [p1; 61, 3]
lope —33
"oPe T i i 33 ;
:LLZ(Z, al¢]_) = min; 'LL]_(aI) -|— m ]
NN17¢1(P) -
° iny,(P) = 315 ¢g (&2 + 1) with & = ﬁ
° ° R,(P)y)= y+1
Ho M1(¢0) = % E— M2(¢1) = ?—8 4444444444444 wp
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Next Newton polygon and residual polynomial

P = ¢3 4 3% g

? o 2 = [m; ¢1, 30]
lope —32
slop 10 i . -

M2(Z, al¢]_) = min; 'LL]_(aI) -|— m ]
NN17¢1(P) y
@ iny,(P) = 3% ¢o (& + 1) with & = o

’ o Ru(P)(y) = (y + 1)’

Ho M1(¢0) - % - ,u2(¢1) = ?_8 — Wp

We proved: P irreducible, wp(x —2) = 2, wp((x —2)2 —27) = 33
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Factorisation in A[x]

o Dissection according to residual polynomials,

o Generalisation of the Hensel lemma.
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Dissection according to the residual polynomial.

F € A[x], p a valuation computed from F.

IfR.(F)(y) = hY* - hlm, then

F=F - Fn

with R,(F;) = hVi.

adrien.poteaux@univ-lille.fr Local factorisation 10/26
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Hensel lifting

Factorisation Approximate roots Algorithms
0@0000 oo 000000000

Modern Computer Algebra, chapter 15.4

x*—1=(x-2)(x*+2x>—x—2) mod5
——

——
f

g

h
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Hensel ||ft|ng Modern Computer Algebra, chapter 15.4

x*—1=(x-2)(x*+2x>—x—2) mod5
—— ——
f g h

Euclide: sg+th=1 mod5 ~» s=—-2; t=2x%>—-2x—1.
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Modern Computer Algebra, chapter 15.4

f g h
Euclide: sg+th=1 mod5 ~» s=-2; t=2x>—2x—1.
= f—gh=5x>-5
= g+te=10x* —9x3 - 13x> +9x + 3
= h+se=-10x*+x+38

>0 o

f—gh=25 (4x%—4x°—8x*+7x>+5x>~3x—1)=0 mod 25

adrien.poteaux@univ-lille.fr Local factorisation 11/26
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Hensel ||ft|ng Modern Computer Algebra, chapter 15.4

x*—1=(x-2)*+2x* —x—2) mod5
—— ——
f g h
Euclide: sg+th=1 mod5 ~» s=-2; t=2x>—2x—1.
= f—gh=5x>-5
= g+te=10x* —9x3 - 13x> +9x + 3
= h+se=—-10x>+x+38

>0 o

f—gh=25 (4x®—4x®—8x*+7x>+5x>—3x—1)=0 mod 25

Non increasing degrees 7 Add euclidean divisions

If f = qg + r with deg(r) < deg(g), g monic and f =0 mod m,
then g =0 mod mand r=0 mod m
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Hensel step

Input: f =gh mod 7"t and sg+th=1 mod 7"+

Algorithm HenselStep:

e« f—gh mod 72"t1;

q,r < QuoRem(s e, h);
g+ gt+et+qgg modm
h+ h+r mod m2nti.

2n+1.

adrien.poteaux@univ-lille.fr Local factorisation 12 /26
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Hensel step

Input: f =gh mod 7"t and sg+th=1 mod 7"+

Algorithm HenselStep:

e« f—gh mod 72"t1;

q,r < QuoRem(s e, h);
g+ gt+et+qgg modm
h+ h+r mod r2"+1,
b+ sg+th—1 mod 21
c,d < QuoRen(s b, h);
§+ s—d mod 12"t
t« t—bt—cg modm

2n+1.

2n+1.

return h, g, 5, t

Output: f=4h mod 72" and 6+ fh=1 mod 721,

adrien.poteaux®@univ-lille.fr Local factorisation 12/26
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Hensel lemma works with g
o (W, 9) atype, A > p'(¢).

o = [u; Al

IfB=¢P+4 - et u(B) = bu(ep), then
o ((A%B) = p(A),
o (A B) = u(A) — u(B).
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Hensel lemma works with g
o (W, 9) atype, A > p'(¢).

o = [u; Al

IfB=¢P+4 - et u(B) = bu(ep), then
o ((A%B) = p(A),
o (A B) = u(A) — u(B).

Notation:
[F1]], ~ we remove “terms” of valuation > n

Example: [4x—81i1 =x—2since4x —8=x—2+3(x—2)
~
3/2 5/2
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Adaptation of the Hensel-Newton algorithm

Input: wW(F — GH) > pu(F)+nand f(SG+TH—-1) > n.

Algorithm HenselStep:

E « [F— GH|HF)+2n,

Q, R < [QuoRem(S E, H)]H(F)+2n,
G+« [G+ET+QaG|Hean,
A« [H+ R]#H)+2n,

B+ [SG+TH-1]>";

C,D «+ [QuoRen(S B, H)]?";
S« [S— D)nnle);

T« [T—BT-—CGJ2nnH);
return A, G, 5, T

Output: w(F — GH) > pu(F)+2nand W(SG+TH-1)>2n,

adrien.poteaux@univ-lille.fr Local factorisation 14 /26
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Initialisation: via in,(F)
F=¢>+t3x* ¢+ t°x € K[[t]][x] with ¢ = x> — t°

0 u1 = [Mo;X, %}
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Initialisation: via in,(F)
F=¢>+t3x* ¢+ t°x € K[[t]][x] with ¢ = x> — t°

0 u1 = [Mo;X, %}

o 1= [p1;0, 2],
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Initialisation: via in,(F)
F=¢*+t3x% ¢+ t%x € K[[t]][x] with ¢ = x* — ¢?

o p1= [Mo;X, %]

(4]

H2 [ML 13]

inuz(F):¢3+t3X2¢:

Ri(F)=y(y?+1).

(]

(]

13/2 20/3
=~ "g\
Ho = ¢, Go = (252 3x2 = F — HyGg = t° x

(<]
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Initialisation: via in,(F)

F=¢*+t3x% ¢+ t%x € K[[t]][x] with ¢ = x* — ¢?

o p1= [Mo;X, %]
o (2 [ML 13]

o in,,(F)=¢>+ t3x2 ¢,

o R,(F)=y(*+1)
13/2 20/3
A~ ~=
o Ho=¢, G =@+ = F —HG=1t"x .
o

If so=1and tg = —y, then so(y?> + 1)+ toy = 1,

So = t_5X, Ty = —t_5X¢) — SoGop+ ToHy — 1= t_2qb
~ ———— ~——
—13/3 —13/6 1/6

adrien.poteaux@univ-lille.fr Local factorisation 15 /26
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Approximate roots of F € A[x] monic

@ Hyp: char(A) does not divide d := deg(F),
o Let N € N dividing d,

Proposition

There is a unique ¢ € A[x] monic such that:

o deg(¢) =d/N,
o deg(F — ¢N) < d —d/N,

~» ¢ = VF is the N-th approximate root of F.

F=¢"+an20" 2+ +a

adrien.poteaux@univ-lille.fr Optimal key polynomials: approximate roots 16 /26
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They are “optimal” key polynomials

@ Hyp: char(F) does not divide d = deg(F)

Proposition

If R, = hN, then ¢ = VF € KP(u)

F=¢N+3N_2¢N_2+"'+ao

Proposition

If Nyuo(F) has a unique slope A, then Ry,.s \j(F)(y) # (v + o).

o either we get a partial factorisation,

o either we consider %/F with NV a proper divisor of N.

— logarithmic number of steps before we get a partial factorisation.

adrien.poteaux@univ-lille.fr Optimal key polynomials: approximate roots 17 /26
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¢-adic expansion

o F,¢ € Alx] with ¢ monic. ¢ = deg(¢), d = deg(F)
° k;éOapowerof2suchthat kc<d<kc

F= Za, , deg(aj) <c

Q If k=1, return ag = f.
@ Compute qﬁg by repeated squaring,

@ g,r < QuoRem(a, ¢§)

@ Recursive calls for g and r

adrien.poteaux@univ-lille.fr Sub algorithms 18 /26
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o F,¢ € Alx] with ¢ monic. ¢ = deg(¢), d = deg(F)
° k;éOapowerof2suchthat kc<d<kc

F= Za, , deg(aj) <c

Q If k=1, return a9 = f. C(1)=0
@ Compute qﬁg by repeated squaring,

@ g,r < QuoRem(a, ¢§)

@ Recursive calls for g and r

C(K) =
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¢-adic expansion

o F,¢ € Alx] with ¢ monic. ¢ = deg(¢), d = deg(F)
° k;éOapowerof2suchthat kc<d<kc

F= Za, , deg(aj) <c

Q If k=1, return a9 = f. C(1)=0
@ Compute qﬁg by repeated squaring, M(k c)

@ g,r < QuoRem(a, ¢§)

@ Recursive calls for g and r

C(K) =
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¢-adic expansion
o F,¢ € Alx] with ¢ monic. ¢ = deg(¢), d = deg(F)
° k;éOapowerof2suchthat kc<d<kc

F= Za, , deg(aj) <c

Q If k=1, return a9 = f. C(1)=0
@ Compute qﬁg by repeated squaring, M(k c)
@ g,r < QuoRem(a, ¢§) M(k c)

@ Recursive calls for g and r

C(K) =
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¢-adic expansion
o F,¢ € Alx] with ¢ monic. ¢ = deg(¢), d = deg(F)
° k;éOapowerof2suchthat kc<d<kc

F= Za, , deg(aj) <c

Q If k=1, return a9 = f. C(1)=0

@ Compute qﬁg by repeated squaring, M(k c)

@ g,r < QuoRem(a, ¢§) M(k c)

@ Recursive calls for g and r 2C(k/2)
C(k) =
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¢-adic expansion

o F,¢ € Alx] with ¢ monic. ¢ = deg(¢), d = deg(F)
° k;éOapowerof2suchthat kc<d<kc

F= Za, , deg(aj) <c

Q If k=1, return a9 = f. C(1)=0
Q@ Compute qﬁg by repeated squaring, M(k c)
@ g,r < QuoRem(a, ¢§) M(k c)
@ Recursive calls for g and r 2C(k/2)

C(k) = 2C(k/2)+O(M(k c))
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¢-adic expansion
o F,¢ € Alx] with ¢ monic. ¢ = deg(¢), d = deg(F)
e k#0a powerof2suchthat kc<d<kc

F= Za, , deg(aj) <c

Q If k=1, return a9 = f. C(1)=0
Q@ Compute qﬁg by repeated squaring, M(k c)
@ g,r < QuoRem(a, ¢§) M(k c)
@ Recursive calls for g and r 2C(k/2)

C(k) = 2C(k/2)+O(M(k c)) ~ C(k) = O(M(k ¢) log(k)) © O (d)
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Computing a valuation

o v =[u; ¢,7] is defined as:

v(g) = min{u(a;) + iy |0 < i},

(we start from the Gauss valuation uo(>; a;i x') = min; v(a;))

o Computation of v(g):
@ compute the ¢-adic expansion of g

@ compute recursively the u(a;)
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Computing a valuation

o v =[u; ¢,7] is defined as:
v(g) = min{u(a;) +iv|0< i},
(we start from the Gauss valuation uo(>; a;i x') = min; v(a;))
o Computation of v(g):
@ compute the ¢-adic expansion of g O(M(d) log(d))
@ compute recursively the u(a;) C(deg(a;))

o Total : ) deg(aj) < deg(g)
~ C(d) = O(M(d) log?(d)) € O"(d) op. in A.

NB: assuming we have less than log,(d) “successive” valuations
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Generalised Newton polygon computation

The computation of N, 4(F) is done as follows:

Q compute F =Y a; ¢/,

@ compute the u(a;).
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Introduction Valuations of K|[x] Factorisation Approximate roots Algorithms
0000 000000 000000 oo 008000000

Generalised Newton polygon computation

The computation of N, 4(F) is done as follows:

Q compute F =Y a; ¢/, O(M(d) log(d))
Q compute the pu(a;). M(deg(a;) log(deg(ai))?)

Total: O(M(d)log(d)?) € O(d) operations in A

Remark: convex hull in O(d log(d)) op. in Z (no op in A)
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Residual polynomial computation

o p=[;¢,v];F,=Fz]; f=[F,:F|;I={io,io+e ... io+ne}

Ru(G) = 2R, (a)(2)y <"

iel

Q get the a;, “monomials” with valuation pu(G),
@ recursive call for all R,(a;)(y),
© Compute the z7 R,(a;)(z).
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Residual polynomial computation

o p=[vio,] Fu=Flz]; f =[Fu:F];/={io,io+e .io+ne}

Ru(G) = 2R, (a)(2)y <"

iel

Q get the a;, “monomials” with valuation pu(G),
@ recursive call for all R,(a;)(y),
© Compute the z7 R,(a;)(z).

e aj, 7;: given while computing NV, 4(G),
o 77 € O(6) ~ log(d) op. inF, O (f log(9))
© Remaining: nC(f) + f + 1 mult. in F, nC(f)+ O (£?)
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Residual polynomial computation

p=1[vi¢,y| Fy=Flz]; f=[F,:F]; I ={io,io+e, ...io+ne}

IIO
nga, e

i€l

Q get the a;, “monomials” with valuation pu(G),
@ recursive call for all R,(a;)(y),
© Compute the z7 R,(a;)(z).

e aj, 7;: given while computing NV, 4(G),

o 77 € O(6) ~ log(d) op. inF, O (f log(9))

© Remaining: nC(f) + f + 1 mult. in F, nC(f) + O (f?)
nf <2d~C(d) <nC(f)+ O (df): C(d) e O (df) op. inF
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Computing representatives.

o /= [v;¢,7] ; residue field F,, ; e relative ramification index
°g=Y1 08y €Fulyl

o N “targeted” valuation. G € KP(u) : N = pu(G)
o GeK[x]s. t. u(G)=Nand R,(G)=g"7
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Computing representatives.

o /= [v;¢,7] ; residue field F,, ; e relative ramification index
°g=Y1 08y €Fulyl

o N “targeted” valuation. G € KP(u) : N = pu(G)
o GeK[x]s. t. u(G)=Nand R,(G)=g"7

Q@ Use NN=N— |N]+nvy H e A[x]
H=0" > Hi(x)o'* with R,(H;) = gi,v(H;) = N'— iy
i=0

Q Return G = 7NI—nu(®) H
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Computing representatives.

o /= [v;¢,7] ; residue field F,, ; e relative ramification index
°og=31 o8y €Ful

o N “targeted” valuation. G € KP(u) : N = u(G)
o GeK[x]s. t. u(G)=Nand R,(G)=g"7

Q@ Use NN=N-—[N]|+nvy H € Alx]
H=0" > Hi(x)o'* with R,(H;) = gi,v(H;) = N'— iy
i=0

Q Return G = glN=nu@) H

C(d) = nC(deg(¢)) + O (d) ~ C(d) = O(d) op. in A.
Precision n () (to compute H) ~ O (d npu(¢)) op. in F.
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Computing ¢ = VF
(' (d?) op. in A via the Tschirnhausen transform
O(M(d)) = O(d) op. in A via Newton iteration.

o Foo = x9 F(1/x) the reciprocal polynomial of F,

0 Fuo(0) =1 ~ e € A[[x]] s.t. ¥(0) =1 and YN = F,

o 1) is the root of zV — F,, =0 ~» Newton iteration !

2l

@ ¢ is the reciprocal polynomial of [v]
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Finding p that factorise F or prove irreductibility

o Write R,,(F) = hN - or return (False, /i0) O (df)
@ [ o
o While N > 1

o ¢« VF O (d)

o N,.4(F) has a unique slope A and Ry, 5 (F) = AV
- or return (False, /1) O(d)
o i [, Al
o Return (True, /).
— at most log,(deg(F)) iterations
precision g ;df <254y ~ O (0lp)
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A (first) factorisation algorithm.
Q Get (p, ¢) that factorises F (or F irreducible) O (6 4o)

@ Factorise ﬁ[u;¢7A1(F) = hohy - - hy in Fly].
@ Multi-factor Hensel: F = FoFy--- F;. O (d n)
@ Back to step 1 for each F;.

— at most deg(F) iterations at maximal precision

Precision § ~» ((d?d) + univariate factorisations
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A divide and conquer algorithm O (d9)

Step 1: “small” precision.

NMO,X(F)

Hy : Gi

;ieg(Gl) >d/2

NMk7¢k(Gk)

deg(each factor) < d/2

adrien.poteaux@univ-lille.fr A divide and conquer strategy 26 /26
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A divide and conquer algorithm O (d9)
Step 1: “small” precision. Step 2: required precision.
: NMO,X(F)

Nuwﬁk(F)
H; Gy

deg(Gy1) > d/2

Nltk@k(Gk)

FoFi R F3 Fso

deg(each factor) < d/2
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A divide and conquer algorithm O (d9)
Step 1: “small” precision. Step 2: required precision.
: NMO,X(F)

Nuwﬁk(F)
H; Gy

deg(Gy1) > d/2

Nﬂk7¢k(Gk)

FoFi R F3 Fso

Step 3: recursive call for each F;.
deg(Fi) < d/2 for all i.

deg(each factor) < d/2
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Introduction Valuations of K|[x] Factorisation Approximate roots Algorithms
[e]e]

A divide and conquer algorithm O (d9)
Step 1: “small” precision. Step 2: required precision.
: NMO,X(F)

Nuwﬁk(F)
H; Gy

deg(Gy1) > d/2

Nﬂk7¢k(Gk)

FoFi R F3 Fso

Step 3: recursive call for each F;.
deg(Fi) < d/2 for all i.
Other divide and conquer approach : van

deg(each factor) < d/2
der Hoeven & Lecerf.
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